We develop a general purpose analytical approximation method for the performance evaluation of a multi-stage, serial, echelon kanban control system. The basic principle of the method is to decompose the original system into a set of nested subsystems, each subsystem being associated with a particular echelon of stages. Each subsystem is analyzed in isolation using a product-form approximation technique. An iterative procedure is used to determine the unknown parameters of each subsystem. Numerical results show that the method is fairly accurate.
Introduction
In this paper, we develop an analytical approximation method for the performance evaluation of an echelon kanban control system, used for the coordination of production in a multi-stage, serial, production/inventory system. We then test the behavior of this method on several numerical examples. The term "echelon kanban" was introduced in [19] . The basic principle of the operation of the echelon kanban control system is very simple: When a part leaves the last stage of the system to satisfy a customer demand, a new part is demanded and authorized to be released into each stage. It is worth noting that the echelon kanban control system is equivalent to the integral control system described in [8] . The echelon kanban control system differs from the conventional kanban control system, which is also referred to as installation kanban control system or policy in [19] , in that in the conventional kanban control system, a new part is demanded and authorized to be released into a stage when a part leaves this particular stage and not when a part leaves the last stage, as is the case with the echelon kanban control system. This implies that in the conventional kanban control system, the placement of a demand and an authorization for the production of a new part into a stage is based on local information from this stage, whereas in the echelon kanban control system, it extensions of the MVA algorithm (e.g. [23] ). The second approach relies on approximating the performance of the original network by that of an equivalent product-form network.
Daryanto et al. [13] developed a method that is based on the second approach for a closedloop, two-indenture, repairable-item system. Interestingly, their system is equivalent to an echelon kanban control system with a finite population of external jobs. Their method aggregates several states of the underlying continuous-time Markov chain and adjusts some service rates using Norton's Theorem for closed queueing networks to obtain a product-form solution. Among the different methods that rely on the second approach, Marie's method [20] has attracted considerable attention. Extensions and comparative studies of Marie's method have been proposed for a variety of queueing networks [2] , [3] , [4] , [5] , and [10] . Di Mascolo,
Frein and Dallery [14] , [16] developed approximation methods based on Marie's method for the performance evaluation of the conventional kanban control system and the generalized kanban control system.
The approximation method that we develop in this paper for the performance evaluation of the echelon kanban control system relies on Marie's method. To develop our method, we first model the system as an open queueing network with synchronization stations. Each stage has associated with it a particular echelon of stages consisting of the stage itself and all its downstream stages. By exchanging the roles of jobs (parts) and resources (echelon kanbans) in the open network we obtain an equivalent, multi-class, nested, closed queueing network, in which the population of each class is equal to the job capacity or number of echelon kanbans of the echelon of stages associated with a particular stage. We then decompose the closed network into a set of nested subsystems, each subsystem being associated with a particular class. This means that we have as many subsystems as the number of the stages. Each subsystem is analyzed in isolation using Marie's method. Each subsystem interacts with its neighboring subsystems in that it includes its downstream subsystem in the form of a single-server station with load-dependent, exponential service rates, and it receives external arrivals from its upstream subsystem. A fixed-point, iterative procedure is used to determine the unknown parameters of each subsystem by taking into account the interactions between neighboring subsystems.
The rest of this paper is organized as follows. In Section 2, we describe the exact operation of the echelon kanban control system by means of a simple example. In Section 3
we present the queueing network model of the echelon kanban control system and the performance measures of the system that we are interested in evaluating. In Section 4, we describe the decomposition of the original system into subsystems. In Section 5, we present the analysis in isolation of each subsystem, and in Section 6 we develop the analysis of the entire system. In Section 7, we present numerical results on the effects and optimization of the parameters. Finally, in Section 8, we draw conclusions. The analysis of the synchronization stations that appear in the queueing network models of each subsystem is presented in Appendices A and B, and a table of the notation used in the paper is given in Appendix C.
Echelon Kanban Control System
In this section, we give a precise description of the operation of the echelon kanban control system by means of a simple example. In this example, we consider a production system that consists of M = 9 machines in series, labeled M1 to M9, produces a single part type, and does not involve any batching, reworking or scrapping of parts. Each machine has a random processing time. All parts visit successively machines M1 to M9. The production system is decomposed into N = 3 stages. Each stage is a production/inventory system consisting of a manufacturing process and an output buffer. The output buffer stores the finished parts of the stage. The manufacturing process consists of a subset of machines of the original manufacturing system and contains parts that are in service or waiting for service on the machines. These parts represent the work in process (WIP) of the stage and are used to supply the output buffer. In the example, each stage consists of three machines. More specifically, the sets of machines {M1, M2, M3}, {M4, M5, M6} and {M7, M8, M9} belong to stages 1, 2 and 3, respectively. The decomposition of the production system into three stages is illustrated in Figure 1 . 
Queueing Network Model of the echelon Kanban Control System
In order to develop the approximation method for the performance evaluation of the echelon kanban control system, we first model the system as an open queueing network with synchronization stations. Figure 2 shows the queueing network model of the echelon kanban control system with three stages in series considered in Section 2. Customer Demands A synchronization station is a tool that is often used to model assembly operations in queueing networks. It can be thought of as a server with instant service times. This server is fed by two or more queues (in our case by two). When there is at least one customer in each of the queues that feed the server, these customers move instantly through and out of the server. This implies that, at any time, at least one of the queues that feed the server is empty.
Customers that enter the server immediately exit the server after possibly having been split into more or merged into fewer customers. In our case, the queues in each synchronization station contain either parts or demands combined with kanbans. An important special case of the echelon kanban control system in the case where there are always customer demands for finished parts. This case is known as the saturated echelon kanban control system. Its importance lies in the fact that its throughput determines the maximum capacity of the system. In the saturated system, when there are finished parts at stage N, they are immediately consumed and an equal number of parts enter the system. As far as the queueing network corresponding to this model is concerned, the synchronization station J N can be removed since queue D N+1 is never empty and can therefore be ignored. In the saturated echelon kanban control system, when the processing of a part is completed at stage N, this part is immediately consumed after releasing the kanbans of stages 1,…, N that were attached to it and sending them back to queues DA i (i = 1,…, N).
It is worth noting that the echelon kanban control system contains the make-to-stock CONWIP system [23] as a special case. In the make-to-stock CONWIP system, as soon as a finished part leaves the production system to be delivered to a customer, a new part enters the system to begin its processing. An echelon kanban control system with K 1 ≤ K i , i ≠ 1 behaves exactly like the make-to-stock CONWIP system.
The dynamic behavior of the echelon kanban control system depends on the manufacturing processes, the arrival process of customer external demands, and the number of echelon kanbans of each stage. The performance measures that are of particular interest are the average work in process (WIP) and the average number of finished parts in each stage, the average number of backordered (not immediately satisfied) demands, and the average waiting time and percentage of backordered demands. In the case of the saturated echelon kanban control system, the main performance measure is its production rate, P r , i.e. the average number of finished parts leaving the output buffer of stage N per unit of time. P r represents the maximum rate at which customer demands can be satisfied. With this in mind, the average arrival rate of external customer demands in the unsaturated system, say λ D, must be strictly less than P r in order for the system to meet all the demands in the long run. In other words, the stability condition for the unsaturated system is
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Decomposition of the Echelon Kanban Control System
To evaluate the performance of the multi-stage, serial, echelon kanban control system, 
The above relation implies that 0 
Analysis of Each Subsystem in Isolation
In this section, we describe how to analyze each subsystem in isolation using Marie's approximate analysis of general closed queueing networks [20] . Throughout this analysis, the state-dependent rates of the external arrival processes, λ Let vector n = (n 1 ,…, n k ,…, n M ) be the state of the closed, product-form network, where n k denotes the number of customers present at station k. Then, the probability of being in stage n, P(n), is given by the following product-form solution [11] :
where V k is the average visit ratio of station k in the original system and is given from the routing matrix of the original system, and G(K) is the normalization constant.
To determine the unknown parameters µ k (n k ), n k = 1,…, K, in the product-form solution (4), each station is analyzed in isolation as an open system with a state-dependent,
Poisson arrival process, whose rate λ k (n k ) depends on the total number of customers n k present in the station. Let T k denote this open system. Assume first that the rates λ k (n k ) are known for
The open queueing system T k can then be analyzed in isolation using any appropriate technique to obtain the steady-state probabilities of having n k customers in the isolated system, say P k (n k ). The issue of analyzing in isolation each queueing system T k will be discussed immediately after Algorithm 1, below. The conditional throughput of this isolated open system when its population is n k , v k (n k ), can then be derived using the relation
The load-dependent service rates of the k-th station of the closed product-form network are then set equal to the conditional throughputs of the corresponding open station in isolation, i.e.:
Once the rates µ k (n k ) have been obtained, the state-dependent arrival rates λ k (n k ) can be obtained from the generalized, product-form solution as [6] , [11] :
where G k (n) is the normalization constant of the closed, product-form network with station k removed (complementary network) and population n. G k (n) is a function of the parameters µ k' (n k' ) for all k' ≠ k and n k' = 1,…, K, and can be efficiently computed using any computational algorithm for product-form networks [6] , [9] . An iterative procedure can then be used to determine these unknown quantities. This procedure is described by the following algorithm.
Algorithm 1: Analysis of a Subsystem in Isolation
Step 0: (Initialization) Set µ k (n k ) to some initial value, for k ∈ M and n k = 1,…, K.
Step 1:
Calculate the state-dependent arrival rates λ k (n k ), for n k = 0,…, K -1, using (7).
Step 2:
a. Analyze the open queueing system T k .
b. Derive the steady state probabilities P k (n k ) of having n k customers, for n k = 1,…, K.
c. Calculate the conditional throughputs v k (n k ), for n k = 1,…, K, using (5).
Step 3:
Set the load-dependent service rates µ k (n k ), for n k = 1,…, K, in the closed, productform network using (6).
Step 4: Go to Step 1 until convergence of the parameters µ k (n k ). ) and can be estimated by the following simple expression [3] :
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Analysis of the Entire Echelon Kanban Control System
In Section 5 we analyzed each subsystem of the decomposition in isolation, given that the arrival rates of the external arrival processes were known. In this section, we show how to determine these arrival rates.
Consider again the queueing network of the original system, R, which has been decomposed into N subsystems (see 
Equation (9) 
Numerical Results
In this section, we test the approximation method for the performance evaluation of the echelon kanban control system that we developed in Sections 4-6 on several numerical examples. The approximation method was implemented on an Intel Celeron PC @ 433 MHz, and its results are compared to simulation results obtained using the simulation software ARENA on an AMD Athlon PC @ 1400 MHz. For each simulation experiment we run a single replication. The length of this replication was set equal to the time needed for the system to produce 68 million parts. The initial condition of the system at the beginning of the replication was set to a typical regenerative state, namely the state where all customer demands and demands for the production of new parts at all stages have been satisfied. This permitted us to set the warm-up period at the beginning of the replication equal to zero. In all simulation experiments we used 95% confidence intervals. The numerical examples are organized into Sections 7.1 and 7.2. In Section 7.1, we study the accuracy and rapidity of the approximation method as well as the influence of some key parameters of the echelon kanban control system on system performance. In Section 7.2, we use the approximation method to optimize the design parameters (echelon kanbans) of the system.
Influence of Parameters
In this section, we test the accuracy and rapidity of the approximation method with two numerical examples in which we vary the number of stages, the number of kanbans in each stage, and the service-time distributions of the manufacturing process of each stage. For each example, we consider first the case of the saturated system and then the case of the system with external demands. In each example, we compare the performance of the system obtained by the approximation method to that obtained by simulation. We also compare the performance of the echelon kanban control system obtained by the approximation method and by simulation to the performance of the conventional or installation kanban control system obtained by a similar approximation method developed in [14] and by simulation.
Example 1
In Example 1, we consider an echelon kanban system composed of N identical stages, where each stage contains a single machine with exponentially distributed service times with mean equal to 1. In order to compare the echelon kanban control system to the conventional kanban control system, we first set the number of installation kanbans of each stage i in the conventional kanban control system, say For the case of the saturated system, the main performance parameter of interest is the throughput of the system, which determines the production capacity of the system. Table 1 shows the throughput of the saturated echelon kanban control system obtained by the approximation method and by simulation, for different values of N and K. The same table also shows the 95% confidence interval for the simulation results, the percentage of relative error of the approximation method with respect to simulation, and the number of iterations of Algorithm 2 that are needed to reach convergence. From the results in Table 1 , we note that the number of iterations of Algorithm 2 of the approximation method increases with the number of stages, as is expected. Specifically, for N = 3, 5 and 10, we have 7, 16, and 56 iterations of Algorithm 2, respectively. As far as the convergence of Algorithm 1 is concerned, we also note that subsystem R N requires two iterations of Algorithm 1, subsystem R 1 requires one iteration, and all other subsystems require three iterations, irrespectively of the number of stages N, for all the configurations tested. The simulation time is extremely long (over two hours) compared to the time required for the approximation method, which is approximately 1-10 seconds. From Table 1 we note that as the number of echelon kanbans increases, for a given number of stages N, the throughput also increases and asymptotically tends to the production rate of each machine in isolation. Moreover, the throughput seems to be decreasing in the number of stages Tables 1 and   2 , we note that the production capacity of the echelon kanban control system is always higher than that of the conventional kanban control system, given that the two systems have the same value of K. Table 3 shows these performance parameters obtained by the approximation method and by simulation, for the configurations of parameters 1.3, 1.8, and 1.13 of Table 1, i.e. for K = 5, and different values of the customer demand rate, λ D . The same table also shows the 95% confidence interval for the simulation results and the number of iterations of Algorithm 2 that are needed to reach convergence. Table 4 shows the same results for the conventional kanban control system obtained in [14] . From the results in Table 3 we note that as the customer demand arrival rate increases, the number of iterations of Algorithm 2 also increases, though not dramatically. As far as the average number of backordered demands, Q D , is concerned, we note that the analytical method is fairly accurate. This is not true for the average waiting time of backordered demands, W B , where in some cases the difference between the approximation method and simulation are significant. Comparing the results between Tables 3 and 4 , we note that the echelon kanban control system always has a smaller average number of backordered demands, Q D , than the conventional kanban control system, given that the two systems have the same value of K. The difference in the average number of backordered demands is more pronounced when the two systems are highly loaded, i.e. when λ D is close to the production capacity. Table 4 : Average number of backordered demands, average waiting time of backordered demands and proportion of backordered demands for the conventional kanban control system (Example 1). Table 5 shows the results for the average number of finished parts (FP) and the average work-in-process (WIP) at each stage for the configurations of parameters 1.17 and 1.19 in Table 3 . Table 6 shows the same results for the conventional kanban control system. Table 6 : Average work in process (WIP) and average number of finished products (FP) in each stage for the conventional kanban control system (Example 1).
Configuration
Comparing the results between Tables 5 and 6, we note that the echelon kanban control system has slightly higher average WIP and lower FP than the conventional kanban control system, when the two systems are highly loaded (i.e. λ D is close to P s ), and given that the two systems have the same value of K. When the two systems are not highly loaded, the difference in average WIP and FP between the two systems is very small. Finally, it appears that the difference in average WIP and FP between the echelon kanban control system and the conventional kanban control system is higher in upstream stages than in downstream stages.
Although the above observations hold for the particular configuration of parameters examined, we expect that they should also hold for the other configurations of Table 1 and different values of the customer demand rate, λ D , because to a large extent they are due to the fact that the echelon kanban control system always responds faster to customer demands than the conventional kanban control system, given that the two systems have the same value of K.
Finally, we should note that the approximation method for the performance evaluation of the conventional kanban control system developed in [14] is also based on decomposing a system of N stages into N subsystems. The total number of the unknown parameter sets (the arrival rates of the external arrival processes to the subsystems) that must be determined for the conventional kanban control system, however, is twice as big as that which must be determined for the echelon kanban control system (i.e. 2(N -1) instead of N -1 external arrival rates). Yet, for both examples examined, the number of iterations needed for the convergence of the parameters is significantly lower for the conventional kanban control system than for the echelon kanban control system, given the same convergence criterion for the two systems, as can be seen from Tables 1-4 . This is due to the fact that the coordination of production is decentralized in the conventional kanban control system, whereas it is centralized in the echelon kanban control system. Nonetheless, this does not seem to constitute a noticeable disadvantage of the approximation method for the echelon kanban control system, since for all the cases examined, the method converges in a matter of 1-10 seconds.
Example 2
In Example 2, we consider an echelon kanban control system consisting of N = 3 identical stages, where each stage contains a single machine with identical service-time distribution with mean equal to 1. The number of echelon kanbans at each stage is K 1 = 15, K 2 = 10, and K 3 = 5. Our goal is to investigate the influence of the variability of the service time on the performance of the above system. To this end, we consider three different distributions: a Coxian-2 distribution with squared coefficient of variation cv 2 = 2.0, an Erlang-2 distribution with cv 2 = 0.5, and an exponential distribution with cv 2 = 1.0. Table 7 shows the production capacity for the saturated echelon kanban control system obtained by the approximation method and by simulation, for the three different distributions. Table 8 shows the same results for the conventional kanban control system obtained in [14] . From the results in Table 7 , we note that when the variability of the service time distribution increases, the production capacity decreases, as is expected. The results obtained by the approximation method are fairly accurate when compared to the simulation results.
Comparing the results between Tables 7 and 8 , we note that for all the service-time distributions, the production capacity of the echelon kanban control system is higher than that of the conventional kanban control system. The results for the analytical solution and simulation for the case of the echelon kanban system with backordered demands is shown in Figure 4 . More specifically, Figure 4 depicts the proportion of backordered demands p B as a function of the arrival rate of demands λ D for the three different service time distributions. It appears that as the cv 2 of the service time distribution increases, the difference between simulation and analytical results tends to increase.
Optimization of Parameters
The main reason for developing an approximation method for the performance evaluation of the echelon kanban control system is to use it to optimize the design parameters of the system. The design parameters of the echelon kanban control system are the number of echelon kanbans for each stage. In order to optimize these parameters, we must define a performance measure of the system. Typical performance measures are those that include the cost of not being able to satisfy the demands on time (i.e. quality of service) and the cost of producing parts ahead of time and, therefore, building up inventory (inventory holding cost).
In this paper, we consider an optimization problem where the objective is to meet a certain quality of service constraint with minimum inventory holding cost.
We examine two quality-of-service measures as in [15] . The first measure is the probability that when a customer demand arrives, it is backordered, and the second measure is the probability that when a customer demand arrives, it sees more than n waiting demands, excluding itself. The first measure is denoted by P rupt and concerns the situation where the demands must be immediately satisfied. The second measure is denoted by P(Q > n) and concerns the situation where we have the prerogative to introduce a delay in filling orders, which is equivalent to authorizing demands to wait. Specifically, P rupt is the stationary probability of having no finished parts in the last synchronization station, and can be computed as the marginal distribution of having no finished parts in that station, which is given by (18) in Appendix A. Similarly, P(Q > n) is the stationary probability of having more than n customers waiting and can be computed from the following expression:
where P(Q = n) is given by (see Appendix A):
The stationary distribution (0,0)
N O p that is needed to evaluate both P rupt and P(Q > n) is given by the following expression:
The cost function that we want to minimize is the long-run, expected, average cost of is equivalent to the make-to-stock CONWIP system [23] with a WIP-cap on the total number of parts in the system equal to K 1 . Table 9 shows the optimal design parameters (K 1 ,…, K 5 ) and associated minimum, long-run, expected, average cost of holding inventory, for λ D = 0.5 and different quality of service constraints and inventory holding cost rates h 1 ,…, h 5 , where h 1 < h 2 < … < h 5 . The quality of service constraints that we use are P rupt ≤ 0.02 and P(Q > n) ≤ 0.02, for n = 2, 5, and 10.
Design criterion Table 9 : Optimal configuration and associated costs for λ D = 0.5 and different values of h 1 ,…, h 5 , for the echelon kanban control system.
From the results in Table 9 , we note that the higher the number of backordered demands, n, the lower the optimal number of echelon kanbans, and hence the inventory holding cost. As the difference between the holding cost rates h i , i = 1,…, 5, increases, the difference between the optimal values of K i , i = 1,…, 5, also increases, since the behavior of the echelon kanban control system diverts from that of the make-to-stock CONWIP system. When the difference between the holding cost rates h i , i = 1,…, 5, is low, the behavior of the echelon kanban control system tends to that of the make-to-stock CONWIP system. Table 10 shows the optimal design parameter K 1 and associated minimum inventory holding cost for λ D = 0.5 and different quality of service constraints and inventory holding cost rates h 1 ,…, h 5 , for the make-to-stock CONWIP system. Comparing the results between Tables 9 and 10, we note that the make-to-stock CONWIP system performs considerably worse than the echelon kanban control system. 
Conclusions
We developed an analytical, decomposition-based approximation method for the performance evaluation of the echelon kanban control system and tested it on several numerical examples. The numerical examples showed that the method is quite accurate in most cases. They also showed that the echelon kanban control system has some advantages over the conventional kanban control system. Specifically, when the two systems have the same value of K, the production capacity of the echelon kanban control system has higher production capacity, lower average number of backordered demands, but only slightly higher average WIP and either slightly higher or slightly lower FP than the conventional kanban control system. The numerical results also showed that as the variability of the service time distribution increases, the production capacity of the echelon kanban control system and the accuracy of the approximation method decrease. Finally, we know that the optimized echelon kanban control system always performs at least as well as the optimized make-to-stock CONWIP system since the latter system is a special case of the first system. The numerical results showed that in fact the superiority in performance of the echelon kanban control system over that of the make-to-stock CONWIP system can be quite significant, particularly when the increase in inventory holding costs from one stage to its downstream stage becomes large. 
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